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Abstract: This paper is the first attempt to build CGC/saturation model based on the next-to-leading
order corrections to linear and non-linear evolution in QCD. We assume that the renormalization scale is
the saturation momentum and found that the scattering amplitude has geometric scaling behaviour deep
in the saturation domain with the explicit formula of this behaviour at large τ = r2Q2s. We built a model
that include this behaviour, as well as the ingredients that has been known: (i) the behaviour of the
scattering amplitude in the vicinity of the saturation momentum, using the NLO BFKL kernel; (ii) the
pre-asymptotic behaviour of ln
(
Q2s (Y )
)
, as function of Y and (iii) the impact parameter behaviour of the
saturation momentum, which has exponential behaviour ∝ exp (−mb) at large b. We demonstrated that
the model is able to describe the experimental data for the deep inelastic structure function. Despite this,
our model has difficulties that are related to the small value of the QCD coupling at Qs (Y0) and the large
values of the saturation momentum, which indicate the theoretical inconsistency of our description.
Keywords: CGC/saturation approach, impact parameter dependence of the scattering amplitude, solu-
tion to non-linear equation, deep inelastic structure function, diffraction at high energies
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1 Introduction.
This paper is the next step (see Ref. [1]) in our attempt to find an approach, based on Color Glass
Condensate/saturation effective theory for high energy QCD (see Ref. [2] for a review), which includes the
impact parameter dependance of the scattering amplitude. Unfortunately, at the moment, our efforts reduce
to building a model which incorporates the main features of the solution of the CGC/saturation equations,
and also contains a number of phenomenological parameters for the non-perutbative QCD description of
the large impact parameter dependance of the scattering amplitude.
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We are doomed to build models to introduce the main features of the CGC/saturation approach, since
the CGC/saturation equations do not reproduce the correct behavior of the scattering amplitude at large
impact parameters (see Ref. [3, 4]). Such failure leads to the conclusion: we cannot trust the solution
of the CGC/saturation equations, without the long distance non-perturbative corrections at large impact
parameters.
Indeed, for the scattering of a dipole with size r, with the nucleus, the CGC/saturation equations
[5, 6](see Eq.2.6 in Ref. [7]) can be rewritten for N (r, Y,QT = 0) =
∫
d2bN (r, Y, b) using the natural
assumption that r  RA , where RA is the size of the nucleus. N (r, Y,QT = 0) is the infrared safe
observable in perturbative QCD and, hence, we can expect that non-perturbative corrections for it, will
be small. The radius of the dipole increases with energy growth, but from high energy phenomenology we
learned that this increase is of the order α′IP Y  RA for Y ≤ 40. Implicitly, we assume that the non-
perturbative corrections change the power like increase with energy of the interaction radius, that follows
from perturbative QCD [3, 4], to a logarithmic one, we believe that this change does not lead to the violation
of the CGC/saturation equations.
However, for the interaction with a proton, we do not even have this, rather weak, argument and
for a hadron target we anticipate large corrections to the CGC/saturation equations . Real progress in
theoretical understanding of confinement of quarks and gluon has not yet been made , and as a result, we
do not know how to change the CGC/saturation equations to incorporate confinement. We have to build a
model which includes both theoretical knowledge that stems from the CGC/saturation equations, and the
phenomenological large b behavior, which do not contradict theoretical restrictions [8, 9].
Numerous attempts have been made over the past two decades (see Refs. [1, 10–29]) to build such
models. Therefore, we clarify, in the introduction, the aspects of our model which are different.
The main difference of his paper from others, is that we use the nonlinear Balitsky-Kovchegov(BK)
equation in the next-to-leading order (NLO) of perturbative QCD, that has been proven in Ref. [30–32].
The form of BK equation in the NLO shows that we can apply the method, suggested in Ref. [33], for
determining the behavior of the solution to BK equation deep inside the saturation region. This behavior in
the NLO is given in this paper. It shows geometric scaling behaviour as in the leading order of perturbative
QCD, for the renormalization scale which is equal to the saturation momentum Qs.
We only introduce the non-perturbative impact parameter behavior in the saturation momentum,
accordingly to the spirit of the geometric scaling behavior of the scattering amplitude [34, 35], and to the
semi-classical solution to the CGC/saturation equations [12]. Similar assumptions for the non-perturbative
b-behavior of the scattering amplitude, is typical for most models on the market (see Refs. [17–21, 24, 29]).
In the choice of the b behavior we follow the procedure, suggested in Ref. [1]:
Q2s (b, Y ) ∝ (S (b,m))
1
γ¯ (1.1)
where S (b) is the Fourier image of S (QT ) = 1/
(
1 +
Q2T
m2
)2
and the value of γ¯ we will discuss below. Such
b dependance results in the large b-dependence of the scattering amplitude, in the vicinity of the saturation
scale which is proportional to exp (−mb) at b  1/m, in accordance of the Froissart theorem [8]. In
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addition, we reproduce the large QT dependence of this amplitude proportional to Q−4T which follows from
the perturbative QCD calculation [9].
In building our model we follow the strategy, suggested in Ref. [14], which consists of matching the
behavior of the scattering dipole amplitude deep in the saturation domain, that is found using the method
of Ref. [33], and the behavior of the scattering amplitude in the vicinity of the saturation scale [2, 37, 38].
In this paper, we follow the procedure of Ref. [1, 36] which allows us to combine the exact form of the
solution inside the saturation domain and in the vicinity of the saturation scale. In Refs. [10–29] only the
characteristic behavior of the solution but not the exact form for it, was used.
We find the behavior of the amplitude in the vicinity of the saturation scale, using the NLO corrections
to the BFKL Pomeron, calculated in Ref. [39] and the re-summation, suggested in Ref. [40]. Such behavior
has been discussed in Refs. [41, 42]. In searching the parameters of the amplitude we use the procedure∗ ,
suggested in Ref. [42], for full NLO kernel [40] as it has been explored in Ref. [41].
2 Theoretical input
2.1 General formula
The general formula for deep inelastic processes takes the form (see Fig. 1 and Ref. [2] for the review and
references therein)
N (Q,Y ; b) =
∫
d2r
4pi
∫ 1
0
dz |Ψγ∗ (Q, r, z) |2N (r, Y ; b) (2.1)
where Y = ln (1/xBj) and xBj is the Bjorken x. z is the fraction of energy carried by quark. Q is the
photon virtuality. b denotes the impact parameter of the scattering amplitude.
Eq. (2.1) splits the calculation of the scattering amplitude into two stages: calculation of the wave
functions, and estimates of the dipole scattering amplitude.
2.2 Saturation momentum in the NLO
It is well known that the energy dependance of the saturation momentum can be found from the solution
of the linear BFKL equation [34, 37, 38, 43, 44]. In the leading order BFKL the saturation momentum Qs
at large values of rapidity has the following form
Q2s ∝ eλY where λ = α¯S
χ (γcr)
1− γcr and χ
LO (γ) = 2ψ (1) − ψ (γ) − ψ (1− γ) (2.2)
∗We note that this procedure is quite different from the one, used in Ref. [41]. It is worthwhile mentioning that we do not
reproduce the result of Ref. [41] for energy dependance of the saturation scale, but we are in agreement with the estimates of
Ref. [42] if we apply our calculation to their simplified NLO kernel.
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N(r,Y; b)
p (proton) p (proton)
Figure 1. The graphic representation of Eq. (2.1) for the scattering amplitude. Y = ln (1/xBj) and r is the size of
the interacting dipole. z denotes the fraction of energy that is carried by one quark. b denotes the impact parameter
of the scattering amplitude
where ψ (z) is the digamma function. γcr is the solution of the equation
χ (γcr)
1− γcr =
∣∣∣dχ (γcr)
dγcr
∣∣∣ (2.3)
In the NLO, the spectrum of the BFKL equation has been found in Ref. [39] and it has the following form:
ω (γ) = α¯S χ
LO (γ) + α¯2S χ
NLO (γ) (2.4)
The explicit form of χNLO (γ) is given in Ref. [39] (see Appendix 1). However, χNLO (γ) turns out to be
singular at γ → 1, χNLO (γ) ∝ 1/(1 − γ)3. Such singularities indicate that we have to calculate higher
order corrections to obtain a reliable result. The procedure to re-sum high order corrections is suggested
in Ref. [40]. The resulting spectrum of the BFKL equation in the NLO, can be found from the solution of
the following equation [40, 41]
ω = α¯S
(
χ0 (ω, γ) + ω
χ1 (ω, γ)
χ0 (ω, γ)
)
(2.5)
where
χ0 (ω, γ) = χ
LO (γ) − 1
1 − γ +
1
1 − γ + ω (2.6)
and
χ1 (ω, γ) = (2.7)
χNLO (γ) + F
(
1
1− γ −
1
1 − γ + ω
)
+
AT (ω) − AT (0)
γ2
+
AT (ω)− b
(1 − γ + ω)2 −
AT (0)− b
(1 − γ)2
Functions χNLO (γ) and AT (ω) as well as the constants (F and b) are presented in the Appendix A.
Denoting the solution of Eq. (2.5) ωNLO (γ) we see that Eq. (2.3) for γcr takes the form
ωNLO (γcr)
1− γcr =
∣∣∣dωNLO (γcr)
dγcr
∣∣∣ (2.8)
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This equation was firstly derived in Ref. [43] in the semi-classical approximation for the dipole scattering
amplitude. In this approximation the amplitude appears as the wave packet and Eq. (2.8) is the condition
that the phase velocity of this wave packet is equal to the group velocity. This condition determines the
special line (critical line) which gives the saturation scale. In Refs. [34, 42] Eq. (2.8) was derived beyond
of the semi-classical approximation.
To find ωNLO (γcr) and γcr we do not need to solve Eq. (2.4)explicitly . We can solve the system of
two equations:
ωcr = α¯S
(
χ0 (ωcr, γcr) + ω
χ1 (ωcr, γcr)
χ0 (ωcr, γcr)
)
(2.9)
ωcr
1− γcr = α¯S
(
χ0 (ωcr, γcr) + ω
χ1 (ωcr, γcr)
χ0 (ωcr, γcr)
)′
γ
/(
1 − α¯S
(
χ0 (ωcr, γcr) + ω
χ1 (ωcr, γcr)
χ0 (ωcr, γcr)
)′
ω
)
where ωcr ≡ ωNLO (γcr). In Fig. 2 we plot the solution to this set of equations. One can see that both γcr
and λ differ from the leading order estimates.
Figure 2. λ(γcr) and γcr versus αS .
Fig. 3 shows the solution of Eq. (2.5) in the form γ = γ (ω). One can see that γ = γ (ω)→ 0 at ω → 1.
This property means that we have energy conservation in the NLO, while in the LO γ ∝ α¯S 6= 0 at ω → 0,
indicating the energy violation of the order of α¯S .
The simple energy(rapidity) dependance of Eq. (2.2) only holds at large values of Y . The first two
corrections lead to following expression
– 5 –
Figure 3. γ versus ω for α¯S = 0.15.
ln
(
Q2s(Y )/Q
2
s(Y0, b)
)
= λeff (α¯S , Y, Y0) (Y − Y0) = (2.10)
λ(γcr) (Y − Y0) − 3
2(1− γcr) ln(Y/Y0) −
3
(1− γcr)2
√
2pi
ω′′(γcr)
(
1√
Y
− 1√
Y0
)
+ O
( 1
Y
)
where ω′′(γcr) = d2ω(γ)/(dγ)2 at γ = γcr, the values of λ (γcr) and γcr have been discussed above. Y0 is
the value of rapidity from which we start the evolution. The first term was found in Ref. [43], the second
in Ref. [38] and the third in Ref. [44]. In Fig. 4 ln
(
Qs (b, Y )
/
Qs (b, Y = Y0)
)
is plotted at different values
of α¯S in the region of Y ≤ 12 where the most experimental data are available. In this plot we take into
account that the running QCD coupling has to be taken at scale Qs (Y ) as we will argue in the next section,
or in other words we use
α¯S (Qs)
α¯S0
1 + α¯S0 b λcr (Y − Y0) (2.11)
where α¯S0 =α¯S (Q0) is the QCD coupling at the scale Q0 = Qs (Y = Y0) (see Eq. (2.24)).
One can see that the corrections to ln
(
Qs (b, Y )
/
Qs (b, Y = Y0)
)
= λcr (Y − Y0) are essential and
they lead to λeff ≈ 0.7λcr. However, they turn out to be smaller than it was estimated in Ref.[41], perhaps
because the last term in Eq. (2.10) was not taken into account.
Eq. (2.10) shows that while we know the energy dependance theoretically, the value of Q2s(Y0, b) is our
phenomenological input which we will discuss below.
2.3 Scattering amplitude in the vicinity of the saturation scale
In the region where r2Q2s (Y, b) ≈ 1 (in the vicinity of the saturation scale) the scattering amplitude has
a well known behavior [2, 37, 38]
N (r, Y ; b) = N0
(
r2Q2s (b)
)1−γcr (2.12)
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Figure 4. ln
(
Qs (b, Y )
/
Qs (b, Y = Y0)
)
versus Y at different values of α¯S .Y0 = 4.6. For linear approximation we
plot 0.7λcr (Y − Y0) at α¯S = 0.1.
where γcr is the solution to Eq. (2.9).
The amplitude of Eq. (2.12) shows a geometric scaling behavior as a function of one variable τ =
r2Q2s (b). Such behavior is proved inside the saturation region [33, 34] where τ ≥ 1. However, it actually
holds outside of the saturation region for τ ≤ 1 [37]. In Ref. [37] it is shown that the first corrections due
to a violation of the geometric scaling behavior, can be taken into account by replacing 1−γcr in Eq. (2.12)
by the following expression
1 − γcr → 1 − γcr − 1
2κλY
ln
(
r2Q2s (b)
)
(2.13)
where λ = α¯Sχ (γcr) / (1− γcr) and κ = χ′′ (γcr) /χ′ (γcr).
2.4 The scattering amplitude deep inside the saturation region (r2Q2 (b, Y )  1)
The non-linear Balitsky-Kovchegov equation has been derived in the NLO, and it takes the form
[30, 31, 31]
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dS12
dY
=
α¯S
2pi
∫
d2x3
x212
x213x
2
23
{
1+α¯Sb
(
lnx212µ
2−x
2
13−x223
x212
ln
x213
x223
)
+ α¯S
(
67
36
−pi
2
12
− 5
18
Nf
Nc
− 1
2
ln
x213
x212
ln
x223
x212
)}
(S13S32−S12)
+
α¯2S
8pi2
∫
d2x3 d
2x4
x434
{
− 2 + x
2
13x
2
24 + x
2
14x
2
23 − 4x212x234
x213x
2
24 − x214x223
ln
x213x
2
24
x214x
2
23
+
x212x
2
34
x213x
2
24
(
1 +
x212x
2
34
x213x
2
24 − x214x223
)
ln
x213x
2
24
x214x
2
23
}
(S13S34S42 − S13S32) (2.14)
in Eq. (2.14) xik = xi − xj , µ is the renormalization scale for the running QCD coupling and all other
constants are defined in Appendix A. Sij is the S-matrix for scattering of a dipole of size xij , with the
target.
One can see that in the region where Sij → 0, all terms except the first one, which is proportional to
S12, are small and can be neglected. In other words , in the region where S12  S13 S32  S13S34S42 we
can reduce Eq. (2.14) to the following linear equation [33]
dS12
dY
= (2.15)
− α¯S
2pi
∫
d2x3
x212
x213x
2
23
{
1+α¯Sb
(
lnx212µ
2−x
2
13−x223
x212
ln
x213
x223
)
+ α¯S
(
67
36
−pi
2
12
− 5
18
Nf
Nc
− 1
2
ln
x213
x212
ln
x223
x212
)}
S12
where S12 ≡ 1 − N (x12, b, Y ).
The integral over x3 is taken in the Appendix B and Eq. (2.15) can be written in the form
d lnS12
dY
= −α¯S
[
1 + α¯S b ln(µ
2x212) + α¯S
(
67
36
− pi
2
12
− 5Nf
Nc
)]
ln(Q2sx
2
12) +
α¯2Sb
2
ln2Q2sx
2
12 +
α¯Sζ(3)
16
(2.16)
In Eq. (2.16) almost all terms are function of z = ln
(
x212Q
2
s
)
, except the term α¯S b ln(µ2x212) ln(Q2sx212).
Introducing the new renormalization point Q2s instead of µ2 the equations reduces to the following one
d lnS12
dY
= (2.17)
−α¯S (Qs)
[
1 +
3
2
α¯S (Qs) b ln(Q
2
sx
2
12) + α¯S(Qs)
(
67
36
− pi
2
12
− 5Nf
Nc
)]
ln(Q2sx
2
12) +
α¯S(Qs)ζ(3)
16
Replacing Y by z = ln
(
Q2sx
2
12
)
= α¯S (Qs) % (Y − Y0) Eq. (2.17) takes the form
d lnS12
dz
= −1
%
([
1 +
3
2
α¯S (Qs) bz + α¯S(Qs)
(
67
36
− pi
2
12
− 5Nf
Nc
)]
z +
ζ(3)
16
)
(2.18)
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Integration over z leads to
lnS12 = − 1
2 %
([
z + α¯S (Qs) bz
2 + α¯S(Qs) z
(
67
36
− pi
2
12
− 5Nf
Nc
)]
z +
ζ(3)
8
z
)
(2.19)
Eq. (2.19) shows a geometric scaling behavior, being a function of one variable z. However, this scaling
behavior only holds, if we choose the renormalization scale µ = Qs.
Finally,
1−N (z) = e−Z(z) (2.20)
with Z (z) = 1
2 %
([
z + α¯S (Qs) bz
2 + α¯S(Qs) z
(
67
36
− pi
2
12
− 5Nf
Nc
)]
z − ζ(3)
8
z
)
where we replace % by % = λcr (α¯S) /α¯S .
2.5 Matching at r2Q2 (b, Y ) = 1
In section 2.3 we saw that the amplitude in the vicinity of the saturation scale has a geometric scaling
behavior ( see Eq. (2.12)) as well as the amplitude at r2Q2s  1, as has been shown in the previous section.
The first observation is that we can match these two amplitude, only if we assume that the renormalization
scale µ = Qs. Practically , it means that we have to replace α¯S in section 2.3 by α¯S (Qs) . This generates
an additional Y dependence, diminishing the value of λcr at large values of Y .
The general matching conditions have the form of two following equations at z = zm: We match these
two solution at z = zm where
N0<z1 (z = zm) = N z1 (z = zm) ;
dN0<z1 (z = zm)
dzm
=
dN z1 (z = zm)
dzm
; (2.21)
Fig. 5-a Fig. 5-b Fig. 5-c
Figure 5. Matching procedure: function zm (N0, α¯S) (Fig. 5 -a), function A (N0, α¯S) (Fig. 5-b) and the example of
the resulting function for N0 = 0.1 and α¯S = 0.15 ( Fig. 5-c) .
These two equations determined the value of the amplitude and the point of matching. The additional
restriction is that zm  1 , or, in other words zm should be in the vicinity of the saturation scale. A
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problem is that it is impossible to satisfy Eq. (2.21) without modifying the solution of Eq. (2.20). Most
models in the past followed the suggestion of Ref. [14] and instead of Eq. (2.20), the modified solution
1 − N (z) = e−CZ(z) (2.22)
was introduced, in which the value of constant C was determined by the matching conditions of Eq. (2.21).
In Ref. [36] the correction to the asymptotic solution of Eq. (2.20) was found, which allows us to use the
solution of Eq. (2.20) without an arbitrary unjustified constant C. This solution takes the form
N z 1 (z) = 1− 2Ae−Z − A2 1Z e
−2Z + O (e−3Z) (2.23)
Z = Z
(
Eq. (2.20), z → z − 1
2
A
√
% pi/2− 2ψ(1)
)
where ψ(x) is the digamma function (see Ref. [45] formula 8.360 - 8.367).
The second term in Eq. (2.23) is the solution given in Ref. [33], in which the theoretically unknown
constant A is introduced, both as the coefficient in front, and as correction to the argument. The third
term is the next order correction at large z. In Ref. [1, 36] it has been demonstrate that using Eq. (2.23),
we can solve Eq. (2.21) and find zm.
2.6 Impact parameter dependance of the saturation scale
So far we have introduced only one phenomenalogical parameter N0: the value of the scattering amplitude
at r2Q2s = 1. However, we need to specify the value of the saturation scale at Y = Y0. It includes the
value of the saturation scale and its dependence on the impact parameter b. Both can only be estimated
in non-perturbative QCD. Due to the embryonic stage of our understanding of non-perturbative QCD
contribution, we can only suggest a phenomenological parameterization.
For Qs (Y = Y0, b) we use the following expression
Q2s (Y = Y0, b) = Q
2
0 S (b) = Q
2
0 (mbK1 (mb))
1/(1−γcr) (2.24)
The value of m has to be find from the fitting of the experimental data. We expect that m ≈ 0.5 ÷
0.85GeV since m = 0.72GeV is the scale for the electromagnetic form factor of proton, while m ≈ 0.5GeV
is the scale for so called gluon mass [? ].
We differ from other models in that Eq. (2.24) leads to Q2s (Y = Y0, b)
mb 1−−−−→ exp (−mb/(1− γcr)),
providing the correct large b behavior of the scattering amplitude. It should be stressed that the exponential
decrease at large b, follows from a general theoretical approach, based on analyticity and unitarity of the
scattering amplitude (see [8]). Therefore, Q2s (Y = Y0, b) ∝ exp
(−b2/B) that was used in other models (see
Refs. [17–21, 24, 29]) are in the direct contradiction with theory. The behavior of the amplitude at large
b determines the energy dependance of the interaction radius, leading to R ∝ (1/m)Y for the exponential
decrease, and R ∝ (1/m)√Y for the Gaussian b dependance. Such a difference , leads to a fast increase of
the scattering amplitude for our parameterization and it will effect the predictions at high energy.
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Eq. (2.24) gives the amplitude in the vicinity of the saturation scale, which is proportional to S (b) and
generates the behavior 1/
(
1 +
Q2T
m2
)2
, where QT is the momentum transfer. At large QT the amplitude in
our parameterization is proportional (A ∝ 1/Q4T ) as it follows from the perturbative QCD calculation [9],
but cannot be reproduced with the Gaussian distribution.
2.7 Wave functions
The wave function in the master equation (see Eq. (2.1)) is the main source of theoretical uncertainties:
even in the case of deep inelastic processes, we can trust the wave function of perturbative QCD only,
at rather large values of Q2 ≥ Q20 with Q20 ≈ 0.7GeV 2 (see Ref. [46]). The expression for (Ψ∗Ψ)γ
∗ ≡
Ψγ∗ (Q, r, z) Ψγ∗ (Q, r, z) is well known (see Ref. [2] and references therein)
(Ψ∗Ψ)γ
∗
T =
2Nc
pi
αem
∑
f
e2f
{[
z2 + (1− z)2] 2K21 (r) +m2fK20 (r)} , (2.25)
(Ψ∗Ψ)γ
∗
L =
8Nc
pi
αem
∑
f
e2fQ
2z2(1− z)2K20 (r), (2.26)
where T(L) denotes the polarization of the photon and f is the flavours of the quarks. 2 = m2f + Q
2z(1−
z).
3 Fitting F2 and values of the parameters
The most accurate experimental data available are for the deep inelastic structure function F2 [47], which
we will attempt to fit using the model. As has been mentioned, we can trust our model in the restricted
kinematic region, which we choose in the following way: 0.85GeV 2 ≤ Q2 ≤ 60GeV 2 and x ≤ 0.01. The
lower limit of Q2 stems from non-perturbative correction to the wave function of the virtual photon, while
the upper limit originates from the restriction x ≤ 0.01. This restriction can be translated to the value
of Y0 in our theoretical formulae leading to Y0 = 4.6. Actually we view Y0 as the parameter of the fit (see
Table 1).
α¯S0 N0 Y0 m (GeV ) Q20 (GeV 2) mu(MeV) md(MeV) ms(MeV) mc(GeV) χ2/d.o.f.
0.133 0.1075 3.77 0.83 3.0 2.3 4.8 95 1.4 183/153 =1.2
0.143 0.0915 3.73 0.67 2.6 140 140 140 1.4 242/153 = 1.58
Table 1. Parameters of the model. α¯S0, N0, m and Q20 are fitted parameters. The masses of quarks are chosen as
they are shown in the table. Two sets are related to two choices of the quark masses: the current masses and the
masses of light quarks are equal to 140MeV which is the typical infra-red cutoff in our approach.
Energy dependance of the saturation scale Qs and τ = r2Q2s (b, Y ) dependance of the scattering
amplitude are determined by Eq. (2.10) and Eq. (2.21). One can see that both depend on α¯S (Qs) for which
we use Eq. (2.11). From this equation one can see that we have two fitting parameters: α¯S0 and Q20. In
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principle, α¯S0 is the running QCD coupling at Q2 = Q20, but we consider both α¯S0 and Q20 as independent
fitting parameters, since we do not want to fix the value of ΛQCD. We have two dimensional parameters:
Q0, which determines the value of Q2s, and m which determines its dependance on impact parameters b (
see section 2.6). N0 is the value of the scattering amplitude at τ = 1. In principle, the value of N0 can
be calculated using the linear evolution equation with the initial conditions. However, it depends on the
phenomenological parameters of this initial condition. So we choose N0 as a fitting parameter.
It is worth mentioning that λcr, γcr are not the fitting parameters as they are in the leading order
models. We recall that
ln
(
Q2s (b, Y )
/
Q2s (b, Y = Y0)
)
= d0 (α¯S) Y + d1 (α¯S) ln (Y/Y0) − d2 (α¯S)
(
1√
Y
− 1√
Y0
)
(3.1)
where function di are shown in Fig. 6. In Eq. (3.1) Y = ln (1/x), where x is the Bjorken x = Q2/s for the
deep inelastic scattering with the light quarks ( Q is the photon virtuality and s is the energy squared of
collision). For the charm quark we consider Yc = ln (1/xc) with xc = (1 + 4m2c/Q2)x.
Figure 6. Function di(α¯S) of Eq. (3.1) versus α¯S .
We do not regard masses of the quark as fitting parameters and consider two sets of these masses. In
the first set we take the current masses (see the first row of Table 1), and we consider this as the most
reliable fit, based on the consistent theoretical approach. It should be mentioned that for the description of
the interaction with c-quark we use Y = ln (1/xc) with xc = x/(1 + 4m2c/Q2). We also make a fit putting
all masses of light quarks (second row of Table 1) to be equal to 140 MeV. We view this mass as a typical
infra-red cutoff that we introduce to take into account the unknown mechanism of confinement.
Table 1 gives the values of the fitting parameters, and Fig. 7 demonstrates the quality of the fit. One
can see that we describe the data quite well but we have to admit that the quality of the fit is worse than
in our model based on leading order QCD estimates[1], in which we fitted the value of λcr. χ2/d.o.f = 1.3
in this fit against χ2/d.o.f = 1.15 in the fit of Ref.[1]. However, the main complication of this model is that
– 12 –
it gives rather a large value of Q20 (see Fig. 8) which is in sharp contradiction to the value of the saturation
momentum, from all other model description of the experimental data[1, 10–29]. The large value of Q20 is
in agreement with small values of α¯S0, we note that α¯S0 = 0.28 for ΛQCD = 158MeV instead of α¯S0 = 0.13
from our fit.
0
1
0
1
0
1
Q2=0.85GeV2 Q2=2.7GeV2 Q2=6.5GeV2
Q2=8.5GeV2 Q2=18GeV2 Q2=27GeV2
10-3 1
F2
HERA
Q2=45GeV2
10-3 1
Q2=60GeV2
10-3 1
x
Figure 7. Our fit of F2 with the values of parameters given by Table 1. The first set of parameters is shown in solid
red curves while the second in blue dotted lines. The data is taken from Ref. [47].
The value of m is larger than the typical mass in the electro-magnetic form factor of the proton,
but we do not expect that it to be the same. Note that the decrease of Q2s at large b is proportional to
exp
(
− m1−γcr b
)
= exp
(−1.6 (GeV −1) b). On the other hand the behavior of amplitude on b differs from the
saturation scale. In Fig. 9 one can see that both the saturation, and the violation of the geometric scaling
behavior influence the resulting b-dependence of scattering amplitude. Saturation flattens the b-dependence
– 13 –
Figure 8. The value of the saturation momentum Q2s (x, b) versus x at fixed b for the parameters given by Table 1.
at small values of b, while the large b behaviour shows a more rapid decrease than the b-dependence of the
saturation scale (see Fig. 9).
Figure 9. The b-dependence of the scattering amplitude for the parameters given by Table 1. S (b) is given by
Eq. (1.1).
It should be stressed that in the framework of our parametrization of the b-dependence of the saturation
momentum, the scattering amplitude decreases as exp (−mb) while in all other models on the market it has
a Gaussian behavior: exp
(−m2 b2).
Fig. 10 we present the comparison between our fit of F2 with two sets of parameters at low values of Q.
The set with large masses of quarks leads to a much better description illustrating the the non-perturbative
corrections to the wave function of the virtual photon are essential at Q2 < 0.85GeV 2.
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00.5
Q2=0.4GeV2
10-5 10-3
F 2
Q2=0.5GeV2
10-5 10-3
x
Q2=0.65GeV2
10-5 10-3
Figure 10. The x-dependence of F cc¯2 at small values of Q2 < 0.85GeV 2 for the parameters given by Table 1. The
red (upper) line corresponds to set 1(upper row of Table 1) while the blue one (low) is the description with set 2.
The data are taken from Ref.[49, 50].
Fcc¯2 : The contribution of the cc¯ pair to the deep inelastic structure function can be calculated with
the same theoretical accuracy as the inclusive F2. In Fig. 11 we compare the HERA data on F cc2 [48] with
the theoretical predictions. One can see that the agreement is reasonable.
FL : FL can be calculated to the same accuracy as F cc¯2 , and the comparison with the scant data
available [49, 50] is plotted in Fig. 12. Two sets produce the same quality of the descriptions since the
values of Q are rather large.
4 Conclusions
In this paper we make the first attempt to include everything, that we have learned about the next-to-
leading corrections of perturbative QCD, into the CGC/saturation model. In the paper we obtained two
new theoretical results: (i) using the approach suggested in Ref.[33], we obtained asymptotic behaviour of
the solution to the Balitsky - Kovchegov equation in the NLO of perturbative QCD [30, 31, 31] deep inside
of the saturation domain; and (ii) the geometric scaling behaviour of the scattering amplitude, which holds
only if τ = r2Q2s (Y ; b) is determined in pQCD with the renormalization scale Qs (Y ; b).
In the model we include several known ingredients: (i) the behaviour of the scattering amplitude in the
vicinity of the saturation momentum, using the NLO BFKL kernel; (ii) the pre-asymptotic behaviour of
ln
(
Q2s (Y )
)
as function of Y and (iii) the impact parameter behaviour of the saturation momentum which
has exponential behaviour ∝ exp (−mb) at large b.
In comparison with the models on the market [10–29], we add the NLO corrections both deep in the
saturation domain and in the vicinity of the saturation scale, as well as two crucial ingredients follow Ref.[1]:
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Figure 11. The x-dependence of F cc¯2 at fixed values of Q2: 0.85 ≤ Q2 ≤ 60GeV 2 for the parameters given in
Table 1. The data are taken from Ref. [48].
the correct solution to the non-linear (BK) equation [6] in the saturation region, and impact parameter
distribution that leads to exponential decrease of the saturation momentum at large impact parameters and
to power-like decrease at large transfer momentum that follows from perturbative QCD.[9].
In spite of the fact that we describe the experimental data fairly we are aware that our description is
worse than in the CGC/saturation models based on the leading order QCD approach. The main difficulties
are related to the small value of the QCD coupling at Qs (Y0), and the large values of the saturation
momentum, which show the theoretical inconsistency of our description.
We cannot avoid the main assumption that the non-perturbative b dependence is absorbed in the impact
parameter behaviour of the saturation scale. However we are planning to improve the matching procedure
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01
0
1
Q2=3.5GeV2 Q2=12GeV2 Q2=20GeV2
10-3
FL
H1
ZEUS
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Figure 12. The x-dependence of FL at fixed values of Q2: 0.85 ≤ Q2 ≤ 60GeV 2 for the parameters given in Table
1. The red (blue) lines correspond to set 1 and set 2 fits. The data are taken from Ref. [50].
given by Eq. (2.21), assuming the geometric scaling behaviour of the scattering amplitude as it stems from
the form of z dependence at large z of the scattering amplitude found in this paper.
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A Resumed kernel of the NLO BFKL equation
For completeness of presentation we collect in this appendix all formulae for the NLO kernel of the BFKL
equation, [39] resumed accordingly to the procedure, suggested in Ref. [40].
χNLO (f) = −1
4
(
2b
(
χ′(f) + χ(f)2
)
+ χ′′(f)−
(
67
9
− pi
2
3
− 10
9
)
χ(f) (A.1)
+
pi2 cos(pif)
 (3f(1−f)+2)(NfN3c +1)
(3−2f)(2f+1) + 3

(1− 2f) sin2(pif) + 4φ(f)−
pi3
sin(pif)
− 6ζ(3)
)
− 1
2
χ(f)χ′(f) +
χ(f)
(1− f)2 (A.2)
φ(f) =
∞∑
n=1
(−1)n
(
ψ(−f + n+ 2)− ψ(1)
(−f + n+ 1)2 +
ψ(f + n+ 1)− ψ(1)
(f + n)2
)
(A.3)
AGG (ω) = b− 1
ω + 1
+
1
ω + 2
− 1
ω + 3
− (ψ(ω + 2)− ψ(1))
AQG (ω) =
Nf
Nc + 2
(
− 2
ω + 2
+
2
ω + 3
+
1
ω + 1
)
AA (ω) = AGG(ω) +
Cf
Nc
AQG(ω) (A.4)
b =
11Nc− 2Nf
12Nc
; CF =
N2c−1
2Nc
; F =
Nf
6Nc
(
5
3 +
13
6N2c
)
;
α¯S
(
p2
)
= 1
b ln(p2/Λ2QCD)
= α¯S(µ)
1 + b α¯S(µ) ln(p2/µ2)
(A.5)
In Ref. [42] a very elegant form of χ1 (ω, γ)i was suggested which coincides with Eq. (2.5) to within
7%. The equation for ω takes the form
ω = α¯S (1− ω)
 1
f
+
1
1− f + ω + (2ψ(1)− ψ (2− f)− ψ (1 + f))︸ ︷︷ ︸
high twist contributions
 (A.6)
One can see that γ(ω)→ 0 when ω → 1 as follows from energy conservation.
In Fig. 13 we plot the values of λcr and γcr for the full kernel of Eq. (2.5) and for the simplified kernel
of Eq. (A.6) suggested in Ref. [42]. One can see that in spite of the fact that the simplified kernel coincides
with the full one to within 7%, the difference in λcr and in γcr are much larger.
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Figure 13. λ(γcr) and γcr versus αS for the full NLO kernel of Eq. (2.5) and for the kernel of Eq. (A.6).
B Calculation of integrals for the solution in the saturation region
In this appendix we take the integral of Eq. (2.15), which has the form
dS12
dY
= − α¯S
2pi
K(Qs,x12)S12 (B.1)
where
K(Qs, x12) = (B.2)∫
d2x3
x212
x213x
2
23
[
1 + α¯Sb
(
ln(µ2x212)−
x213 − x223
x212
ln
x213
x223
)
+ α¯S
(
67
36
− pi
2
12
− 5
18
Nf
Nc
− 1
2
ln
x213
x212
ln
x223
x212
)]
Introducing the following notations
I1 =
∫
d2x3
x212
x213x
2
23
[
1 + α¯Sb ln(µ
2x212) + α¯S
(
67
36
− pi
2
12
− 5
18
Nf
Nc
)]
I2 = α¯Sb
∫
d2x3
x212
x213x
2
23
[
x223 − x213
x212
ln
(
x13
x23
)]
I3 = − α¯S
2
∫
d2z3
x212
x213x
2
23
ln
x213
x212
ln
x223
x212
we have
K(Qsz12) = I1 + I2 + I3
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Using the symmetry of the integrand with respect to x13 ↔ x32 we obtain
I2 = αβ
∫
d2x3
1
x213
ln
(
x13
x23
)
− α¯Sb
∫
d2x3
1
x223
ln
(
x13
x23
)
= αβ
∫
d2x3
1
x213
ln
(
x13
x23
)
+ α¯Sb
∫
d2x3
1
x223
ln
(
x23
x13
)
= αβ
∫
d2x13
1
x213
ln
(
x13
x23
)
+ α¯Sb
∫
d2x23
1
x223
ln
(
x23
x13
)
= 2αβ
∫
d2x13
1
x213
ln
(
x13
x23
) (B.3)
Ii in polar coordinates take the form
I1 =
1
2
∫ r21
r20
dr2
r2
∫ 2pi
0
1
1 + r2 − 2r cos θdθ
[
1 + α¯Sb ln(µ
2x212) + α¯S
(
67
36
− pi
2
12
− 5
18
Nf
Nc
)]
;
I2 = α¯Sb
∫ r21
r20
dr2
r2
∫ 2pi
0
ln
(
r2
1 + r2 − 2r cos θ
)
dθ;
I3 = − α¯S
4
∫ r21
r20
dr2
r2
∫ 2pi
0
1
1 + r2 − 2r cos θ ln(r
2) ln(1 + r2 − 2r cos θ)dθ
(B.4)
where r2 = x213/x212, r20 = 1/Q2sz212 and r21 = 1 − 1/Q2sz212. We use the following representations to take
integral over the angle (see Ref. [45] formulae 1.448, 1.511,3.613):
∫ 2pi
0
cos(nθ)
1 + r2 − 2r cos θdθ =
Γ(n+ 1)2pi
Γ(1)n!
rn 2F1(1, n+ 1;n+ 1, r
2) = 2pi
rn
1− r2
ln(1 + r2 − 2r cos θ) = −2
∞∑
n=1
cos(nθ)
n
rn; ln(1− r2) = −
∞∑
n=1
r2n
n
(B.5)
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Using (B.5) for Q2sz212  1 we obtain
I1 = pi
∫ r21
r20
dr2
1
r2(1− r2)
[
1 + α¯Sb ln(µ
2x212) + α¯S
(
67
36
− pi
2
12
− 5Nf
Nc
)]
= 2pi
[
1 + α¯Sb ln(µ
2x212) + α¯S
(
67
36
− pi
2
12
− 5Nf
Nc
)]
ln(Q2sx
2
12)
I2 = 2piα¯Sb
∫ r21
r20
dr2
ln r2
r2
dθ = −piα¯Sb ln2Q2sx212
I3 = − α¯S
4
∫ r21
r20
dr2
ln(r2)
r2
∫ 2pi
0
1
1 + r2 − 2r cos θ ln(1 + r
2 − 2r cos θ)dθ
= − α¯S
4
∫ r21
r20
dr2
ln(r2)
r2
(−2)
∞∑
n=1
rn
n
∫ 2pi
0
cos θ
1 + r2 − 2r cos θdθ
= − α¯S
4
∫ r21
r20
dr2
ln(r2)
r2
(−2)
∞∑
n=1
rn
n
(
2pirn
1− r2
)
dθ
= −2piα¯S
2
∫ r21
r20
dr2
ln(r2) ln(1− r2)
r2(1− r2) dθ = −
2pi
16
ζ(3)
(B.6)
Hence, we obtain the following expression
− α¯S
2pi
K(Qsz12) = (B.7)
−α¯S
[
1 + α¯Sb ln(µ
2z212) + α¯S
(
67
36
− pi
2
12
− 5Nf
Nc
)]
ln(Q2sz
2
12) +
α¯2Sβ
2
ln2Q2sz
2
12 +
α¯Sζ(3)
16
which we have used in section 2.4.
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